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1. Introduction and preliminaries 

Let / be a real-valued function defined on R. For c e K, we recall 

limsup/(a:) = inf sup fix). 

x^c+ e>0c<x<c+e 

Definition 1.1 (see [1-6]). A function (p : [0, oo) —5> [0,1) is said to be an MT-function (or 
TZ-function) if limsup ip{s) < 1 for all t € [0, oo). 

s—>(+ 

It is obvious that if p : [0, oo) —>■ [0, 1) is a nondecreasing function or a nonincreasing function, 
then p is an A4T-function. So the set of A4T-functions is a rich class. However, it is worth to note 
that there exist functions which are not A4T-functions. 


Example 1.2 (see [2]). Let p : [0,oo) —[0, 1) be defined by 


pit) := 


^ ,ifte(o,f] 
0 , otherwise. 


Since limsup(/?(s) = 1, is not an A4T-function. 
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Some characterizations of AfT-functions were established by Du [2, Theorem 2.1] and were 
applied in fixed point theory; for more detail, one can refer to [1-6] and references therein. In this 
paper, we introduce and share Du’s recent work on the new concept of AlT(A)-functions and its 
some characterizations. 


2. New concept of A^T(A)-functions and its characterizations 

Recall that a real sequence {a„}„gN is called 

(i) eventually strictly decreasing if there exists f G N such that a„+i < a„ for all n G N with 
n> £; 

(ii) eventually strictly increasing if there exists £ G N such that a„+i > a„ for all n G N with 
n> £; 

(iii) eventually nonincreasing if there exists £ G N such that a„+i < a„ for all n G N with n > £; 

(iv) eventually nondecreasing if there exists £ G N such that a„+i > a„ for all n G N with n > £. 

Very recently, Du [7] proved some new characterizations of AtT-functions as follows. We give 
the proof for the sake of completeness and for the readers’ convenience. 

Theorem 2.1 (see [7]). Let ip : [0,oo) —>■ [0,1) be a function. Then the following statements are 
equivalent. 

(a) ip is an A4T-function. 

(b) For each t G [0,oo), there exist r[^'^ G [0,1) and > 0 such that ip{s) < for all 

s G {t,t + e[ ^). 

(‘ 2 '\ (‘ 2 '\ (“ 2 ^ 

(c) For each t G [0,cxd), there exist r) ' G [0,1) and e) > 0 such that ip{s) < r\ ' for all 

s G [t,t + e[ ^]. 

(d) For each t G [0, oo), there exist rf’'^ G [0,1) and > 0 such that ip{s) < for all 

s G (t,t + Sf ^]. 
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(e) For each t S [0,oo), there exist r[^'^ G [0,1) and > 0 such that (p{s) < r\^'’ for all 
s G [t,t + e['^^). 

(f) For any nonincreasing sequence {a;„}„gN in [0,cx)), we have 0 < sup(/?(a;„) < 1. 

new 

(g) (f is a function of contractive factor; that is, for any strictly decreasing sequence {x„}„gN in 

[0,cx)), we have 0 < sup(/9(a;„) < 1. 

neN 

(h) For any eventually nonincreasing sequence {x„}„gN in [0,cx)), we have 0 < sup(/3(a;„) < 1. 

ngN 

(i) For any eventually strictly decreasing sequence {a;„}„gN in [0, oo), we have 0 < supi^(x„) < 1. 

ngN 

Proof. The equivalence of statements (a)-(g) was indeed proved in [2, Theorem 2.1]. The impli¬ 
cations ” (h) (f)” and ” (i) =J> (g)” are obvious. Let us prove ” (f) => (h)”. Suppose that (f) holds. 
Let be an eventually nonincreasing sequence in [0,oo). Then there exists £ G N such that 

Xn+i < Xn for all n G N with n > £. Put ?/„ = Xn+£-i for n G N. So {j/n}neN is a nonincreasing 
sequence in [0, oo). By (f), we obtain 


0 < supv3(j/„) < 1. 

ngN 


Let 7 := sup (/?(?/«)• Then 
neN 


0 < (p(xn+e-i) = (p(yn) < 7 < 1 for all n G N. 


Hence we get 


0 < (p{xn) < 7 < 1 for all n G N with n> £. 


Let 


r] :=max{(/?(a;i),(/?(a; 2 ),--- ,ip{xi-i),^} < 1 . 


Then Lp{xn) < ?? for all n G N. Hence 0 < sup(/?(a;„) < 7 < 1 and (h) holds. Similarly, we can varify 

nGN 

”(g) ^ (i)”. Therefore, from above, we prove that the statements (a)-(i) are all logically equivalent. 
The proof is completed. □ 


In [7], Du first introduced the concept of AlT(A)-functions. 

Definition 2.2 (see [7]). Let A G (0,1]. A function y : [0, 00 ) —> [0, A) is said to be an MT{X)- 
f unction if limsup/x(s) < A for all t G [0, 00 ). 

S^t + 
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Clearly, an A^T-function is an A4T(l)-function. It is quite obvious that is an AIT(A)-function 
if and only if A“^/i is an AIT-function. 

Remark 2.3 (see [8]). Recall that a function (p : [0, oo) ^ [O, is said to be a V-f unction [ 8 ] 
if limsup^(s) < 5 for all t G [0, oo). So a 'P-function is obviously an MT ( 5 )-function. 

s—>t+ 


The following characterizations of AIT(A)-functions is an immediate consequence of Theorem 

2 . 1 . 

Theorem 2.4 (see [7]). Let A G (0,1] and let p : [0,oo) —>■ [0, A) be a function. Then the following 
statements are equivalent. 

(1) p is an A4T{X)-function. 

(2) A“^/i is an MT-function. 

(3) For each t G [0,oo), there exist G [0,A) and > 0 such that fj,{s) < for all 

s G (t,t + ej ^). 

(4) For each t G [0,oo), there exist G [0,A) and > 0 such that fj,{s) < for all 

s G [t, t + ej ^]. 

(5) For each t G [0, oo), there exist G [0,A) and e® > 0 .such that fj,{s) < for all 

s G (t, t + Cj ^]. 

(6) For each t G [0, oo), there exist G [0,A) and > 0 such that fj,{s) < for all 

s G [t, t + ej ^). 

(7) For any nonincreasing sequence {a;„}„gN in [0,oo), we have 0 < sup/r(a;„) < A. 

nGN 

(8) For any strictly decreasing sequence {a;„}„gN iu [0, oo), we have 0 < sup/i(x„) < A. 

neN 

(9) For any eventually nonincreasing sequence {x„}„gN in [0,oo), we have 0 < sup/i(a;„) < A. 

riGN 

(10) For any eventually strictly decreasing sequence {x„}„gN in [0, oo), we have 0 < sup/i(a;„) < A. 

mGN 


Remark 2.5. [ 8 , Lemma 3.1] is a special case of Theorem 2.4 for A = 5 . 
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